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Closed-Form Expressions for the Correlation Coefficient of
Directive Antennas Impinged by a Multimodal
Truncated Laplacian PAS
Laurent Schumacher, Member, IEEE, and Balaji Raghothaman, Member, IEEE

Abstract—This paper addresses the derivation of a closed-form
expression for the correlation coefficient of a pair of antenna
elements at the base station. The closed-form expression is derived
for the case of a multimodal truncated Laplacian power azimuth
spectrum that impinges on antenna elements exhibiting a directive
radiation pattern that is widely used in standardization bodies.
To avoid numerical instability, an approximation for small az-
imuth spreads is presented. The proposed closed-form expression,
along with its approximation, is successfully validated against the
numerical computation of the correlation coefficient.

Index Terms—Antenna radiation patterns, correlation, MIMO
systems.

I. INTRODUCTION

HE correlation between the waves impinging on two

antenna elements has been widely studied both experi-
mentally and mathematically [3]-[10]. It has been shown that
the evolution of the correlation coefficient as a function of
the normalized distance between the antenna elements mostly
depends on the power azimuth spectrum (PAS) and on the
radiation pattern of the antenna elements.

Measurement results are presented in [3] and [4] along with
additional references. Complementarily, in a more analytical
perspective, the seminal work of Lee [5] modeled the PAS
in outdoor scenarios as the nth power of a cosine function.
This model has however been regarded as inconvenient since
it does not enable one to derive closed-form expressions for
correlation coefficients [6]. Hence, two other distributions, a
truncated Gaussian and a uniform one, have been introduced in
[3] and [7], respectively. More recently, a truncated Laplacian
distribution has been proposed in [8] as the best fit for outdoor
measurement results in urban and rural areas. For these three
distributions, namely uniform, truncated Gaussian, and trun-
cated Laplacian, the correlation coefficient has been computed
as a function of the normalized distance using the angle of
incidence and the azimuth spread (AS)! as indexing variables.
Results for both uniform and truncated Gaussian PASs are
presented in [6]. Additional results for the uniform distribution
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1 SIn this paper, the AS is defined as the second central moment of the observed

are available in [9] and [10]. Results for the truncated Laplacian
distribution have been presented in [8].

It can be noted that all the analytical results cited above do
not include any kind of directive antenna pattern. The inclusion
of such antenna patterns gives a more complete and useful
description of the correlation coefficients. In this paper, we
use one of the most widely used antenna patterns. It is used
for sectorized antennas in cellular systems. It has been used in
several standardization bodies, including 3GPP and 3GPP2, for
the evaluation of system performance in the past [1]. It will also
be used in similar evaluations with respect to multiple antenna
technology in the future [2].

Additionally, it has been observed in [11] that the radio
waves could gather in several clusters distributed over the space
domain. A model of this clustered propagation, also called
multimodal in [12], was introduced in [13] as an extension
to the space domain of a similar clustered model originally
introduced in the time domain for indoor environments [14].
However, due to the fact that the model [13] defines the mean
angle of incidence of the spatial clusters as a random variable
uniformly distributed over [0,27], it can hardly be used to
characterize the properties of a given scenario. This paper will
therefore address multimodal Laplacian PAS where the mean
angle of incidence is regarded as a deterministic parameter
instead of a stochastic one.

In Section II, the analytical expressions for the antenna radi-
ation pattern and the truncated multimodal Laplacian PAS are
introduced. Then the closed-form expression for the correlation
coefficient is derived in Section III. It appears that its compu-
tation is numerically unstable for small ASs. Hence, a suited
approximation is presented in Section IV. In Section V, the
closed-form expression, including its approximation for small
ASs, is validated against the outcome of numerical integration
in the case of isotropic and directive radiation patterns on one
hand and for mono- and bimodal power azimuth spectra on the
other. Finally, some conclusions are presented in Section VI.

II. RADIATION PATTERN AND PDF OF ANGULAR SPREAD
A. Antenna Radiation Pattern

The gain in decibel of a directive antenna in azimuth ¢ is
given by the radiation pattern Gap (). In the case of the base
station in a cellular system, one of the widely used radiation

patterns is defined as [2]
2
¢ ) ) _ﬁdB‘| (1)

¢3 dB

Gap(¢) = max [—04 (
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Fig. 1. Radiation pattern defined in [2].

where ¢ stands for the azimuth, « for a constant (set to 12 in
[2]), &3 qB for the 3-dB beamwidth (in degrees), and G4p for
the maximum attenuation (in decibel). It combines a parabolic
shape centered on the pointing azimuth and a constant floor.
The power gain in linear scale can be derived from (1) with
the help of G(¢) = 10%aB(#)/10 and 3 = 10~ Fa8/10 Jeading
to the drawing of Fig. 1. Based on the definition of the radiation
pattern, the azimuth ¢. for which the parabolic shape crosses
the constant value is derived from

¢\ Bas
—« (C) =—faB = ¢c=¢3aB\/—— (2)
¢3 a8 a
as illustrated in Fig. 1.
B. Multimodal Laplacian PAS
The PAS of an impinging signal s(¢, ¢) is defined as
PAS(6) = Eug [Is(t, )] )

where E[] is the expectation operator. In order to be used as
a probability density function (pdf), the PAS has to satisfy the
condition

s

/PAS(¢)d¢ =1.

—T

“4)

In the following, a particular type of PAS, namely, a multi-
modal truncated Laplacian PAS, is considered. The notion of
a “multimodal” PAS was first introduced in [12]. Each mode
corresponds to a resolvable cluster of waves whose spatial dis-
tribution can be modeled by a specific PAS of Laplacian type in
the present case. “Truncated” means here that each mode is only
defined within a limited interval [¢r — Ay, ¢ + A of size
2A}, centered on the angle of arrival (AoA) ¢y.. The expression
of a multimodal Laplacian PAS with /N, modes is then given by

N, b
<O V2|9 — ¢l
PAS(¢) = » —— T e
(¢) kz::l 203 Tk ]
X w(p, ok — Ay, Or + Ay)
where w(¢aa7b) = {(1), i)ftllllefwgiés: ’ ©)
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Fig. 2. Far-field signal impinging on two directive antenna elements.

where o, is the standard deviation of the Laplacian distribution
and the normalization coefficients )y are computed so as to
fulfill condition (4), leading to

N
- V2A
S fren (-5)

III. CLOSED-FORM EXPRESSION FOR THE
CORRELATION COEFFICIENT

=1

(6)

Let us assume that the signal s(¢,¢) impinges in far-field
conditions on two antenna elements spaced by a distance d,
each exhibiting a radiation pattern characterized by a power
gain G;(¢) where ¢ € {1, 2}. This scenario is depicted in Fig. 2.
Note that this figure is slightly restrictive since both elements
exhibit the same radiation pattern. This is a condition to be
fulfilled in correlation-based multiple-input multiple-output
(MIMO) stochastic channel models relying on the Kronecker
product assumption [15]. Such models assume that all antenna
elements at a given end illuminate the same set of scatterers.

Let

ri(t, ) = V/Gi(9)s(t, ¢)ej27r[fc+(i—1)§ sin ¢]

denote the signal received at the ith antenna. f. stands for the
carrier frequency. The correlation coefficient between 71 (¢, @)

)



IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 4, NO. 4, JULY 2005

and ro(t, ¢) can then be written as those in (8)—(11) shown at
the bottom of the page, assuming that s(¢, ¢) is zero mean in
any azimuth ¢.

As already explained above, correlation-based MIMO chan-
nel models relying on the Kronecker product of correlation
matrices defined independently at the transmitter and receiver
require that all the antenna elements exhibit the same radiation
pattern, i.e., G1(¢) = Ga2(¢) = G(¢). Using this property, we
can rewrite p12 in (11) as

[ e 2n4 s 90PAS(6)G(6)dé

—T
p12 =

12)

I PAs()G(o)o

sy

[ [cos(Dsin @) — jsin(Dsin ¢)] PAS(¢)G(¢)de

-7

J pas@)Glops
(13)
f cos(2m)PAS(6)G(6)do
) +2 Z Jom (D)
| PAS(#)G()do

—T

fsm [(2m + 1)¢|PAS(¢)G(p)dep

- 2] Z J2m+1 =

m=0

I PAS(9)G(9)d0

(14)

where D = 2m(d/)\) stands for the normalized spacing be-
tween antenna elements, and the complex shift has been ex-
panded with the help of Bessel functions of the first kind and of
integer order [16].
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The solution of (14) requires the evaluation of many inte-
grals. The integrals are all of the form

/ f(6)PAS(6)

where f(¢) € {1, cos(2ma), sin[(2m + 1)¢]}. Using (5), (15)
becomes (16)—(18) found at the bottom of the next page.
In (18), in both integrals on the right-hand side, f(¢) can
take three expressions. Furthermore, one should be aware that
G(¢) is either a constant value or a parabolic function. Thus,
there are 12 different forms of integrals to be evaluated: two half
modes times three expressions of f(¢) times two expressions
of G(¢). The closed-form expressions for all 12 are given in
the Appendix. They can be grouped into three main categories,
depending on the expression of f(¢). Within a given category,
the closed-form expression of the indefinite integral to be used
in (18) depends on the subsequent expansion of the absolute
value |¢ — ¢y| and of the gain G(¢). The actual expansion to be
applied is determined by the relative positions of ¢y, ¢y & Ay,
and +¢.. For each mode of the PAS, three different situations,
illustrated in Fig. 3, can be identified.
1) The mode is completely out of the scope of the parabolic
part of the radiation pattern, either on the left-hand side
(ér + Ak < —¢) or on the right-hand side (¢, < ¢y —
Ag).

2) Only half of the mode is impacted by the parabolic part
of the radiation pattern, either on the left-hand side (ng <
—¢e < Oi + Ay) or on the right-hand side (ék —Ap <
¢C < ¢k:)

3) Both halves of the mode are impacted by the parabolic

part of the radiation pattern.

G(¢)do (15)

Using the generic notation FGH (A, B) to represent any
of the four integrals of one category, where F' stands for
the expression of f(¢) (F = Fo for f(¢) =1, F = F¢ for

Bt [r1(t, 0)r3(4 )] — Brp [r1(t @) Br g [13 (L, )]

P12 =

®)
Ero [ P B [Ira(t, 0) ]
_Eu I8 9 VGGl T8¢ — B [s(t,6)V/Ga(9)] Eug |31, 9) /GG 7 0 N
\/Em“ 9)\/G1(9 ”\/EM,U (t,6) G2(¢)H
€ {Evo 15t O] VE@IGaT)e 40} — By {En o 0] VT o {Enp et 0L VER@)
Ve (s [iste o] 6o}y fe {Es [t 00F] G206}
[ e smopAS (9) /G (6)Ca(6)d0
= (n

I PAS(9)G1(9)d0, | | PAS(8)Ga(0)ds
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Fig. 3. Three situations of interaction between the PAS and the directive radiation pattern.

f(#) = cos(2me), and F = Fg for f(p) = sin[(2m + 1)¢]),
G stands for the radiation pattern (G = G for the constant
part and G = Gp for the parabolic part), H for the half mode
of the Laplacian PAS (H = Hy, for ¢ < ¢, and H = Hy for
® > ¢r), A for the lower integration limit, and B for the upper
one, each integral of (18) can be written synthetically as that
shown in (19) at the bottom of the next page.

IV. APPROXIMATION FOR SMALL ASS

Based on the relations (14), (18), and (19) and the indefinite
integrals given in the Appendix, the value of the correlation
coefficient can be computed. However, significant differences
between the computed value and the numerical solution are
observed for small ASs. These discrepancies were traced to
numerical problems with the evaluation of some expressions in
the closed-form solution. Specifically, the imposition of definite
integral limits on equations (36), (38), (44), and (46) given in
the Appendix leads to expressions of the form

T o exp {(azgcq [erf (\/B¢2 - a;\g)

—erf (\/5¢1 + a;/%cﬂ (20)

where a 0'];1, b is a real constant, ¢ < m, and ¢1, ¢o rep-
resent the limits of the integral. The above expression can be
written in the form y(£2 — &;). For small ASs, |a + jc| > b.

As a result, y = exp|(a + jc)?/4b] — oo and (& — &) — 0.
This computation of a quantity of the form (oo x 0) leads to
numerical instability.

To avoid this numerical problem, it makes sense, for small
ASs, to substitute the parabolic expression of the radiation
pattern by a flat pattern whose gain is given by the value of
the radiation pattern at ¢ = ¢,. Mathematically, this leads to
substituting the integrals in (18) by

Pr+A _
9 —
£(6)exp [—W] G(o)ds
Pr—Ak
Pr+Ak _
_ 3¢ —
RS N ST

Pr—Ak

This approximation will be applied in the following whenever
o < 5°.

V. VALIDATION

In order to validate the analytical developments presented in
the previous sections and given in the Appendix, the closed-
form expression for the correlation coefficient has been com-
puted and the obtained value has been compared against the
outcome of the numerical integration of the corresponding inte-
grand. These comparisons are shown in Figs. 4-6. The first two

™ Nc —
-/ f(¢){ 2 exp [—ﬂ‘ik“z”“'] (6,1 — Dis b +Ak>}G(¢>d¢
kA k

(16)

k=1
N, LAY =
/s / 1) exp [_M] G(¢)dg (17)
= 205 Ok
O —Ag
N, 7 5 — It —¢
S DR e [—W G@o+ [ F(@)exp [—M Go)or  (8)
k=1 QUk FRN Tk b o
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Fig. 4. Correlation coefficient of two antenna elements impinged by a monomodal truncated Laplacian PAS under an angle of incidence of 20°.

figures, Figs. 4 and 5, focus on monomodal Laplacian power az-
imuth spectra. The absolute value of the correlation coefficient
is shown as a function of D, the normalized spacing between
two antenna elements. By setting the parameters G4p and ¢3 4B
to different values, two scenarios have been considered: an
omnidirectional scenario (Gqp = 0, ¢3 g not meaningful) and
a directive one as defined in [2] (Bgg = 20 and ¢3 g5 = 70°).
The comparison between the closed-form expression and the
numerical integration has been performed for two AoAs, 20°
(Fig. 4) and 50° (Fig. 5). Finally, for each AoA, different ASs
(2, 5, 10, 20, and 40°) have been considered. A has been set
to 180°.

First of all, a quasi-perfect match is acknowledged between
the computed correlation values and the outcome of the nu-
merical integration. The approximation for small ASs delivers
reliable results but for large AoAs (Fig. 5) a small discrepancy
is noticed between the closed-form computation and the numer-
ical integration in the directive scenario. The computed value
is then closer to the computed value in the omnidirectional
scenario than to the numerical integration in the directive
scenario. This can indicate that the limits of the validity of
the approximation (21) have been reached. It should however
be noted that the numerical integrations in omnidirectional and
directive scenarios are very close. Nevertheless, in most cases,

Prt+A%k _
7 V2| — ¢yl

Ok

f(¢)exp [— G(o)de

Pr—Ak

FGcHy(dr — Ak, ¢1) + FGcHg(¢k, dr + Ag),

FGcHy (o1, — Ay, ) + FGcHR [y, max(¢y, —oc)]
+ FGpHg [max(¢r, —¢c), min(¢ + Ay, éc)]
+ FGcHg [min(¢p + Ag, éc), i + Ak,

if ¢ + Ap < —e

if ¢, < —e < i + Ay

FGcHy, [¢r — Ak, max (¢ — Ak, —¢c)]
+ FGpHj, [Tflax(¢k - Ak‘v _¢c)a QZ)k]
+ FGpHp [fr, min(¢y, + Ag, ¢c)]

FGcHy [ — Ag, max(¢p, — Ay, —¢)]

+ FGcHg [min(¢p + A, ¢c), dr + Ak,

+ FGpHy, [max(¢y — Ay, —¢c), min(¢y, ¢c) |
+ FGcHy, [min(¢k, ¢c), x| + FGeHr(dk, o1 + Ak),

FGcHy(ér — Ak, ¢1) + FGcHR(¢r, b + Ak),

if —pe < Pr < ¢c

if op — A < de < b
if go < dr + Ap.

19)
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Fig. 5.

Correlation coefficient of two antenna elements impinged by a monomodal truncated Laplacian PAS under an angle of incidence of 50°.

Power Azimuth Spectrum

Power (Linear)

T
— - Pattern
— - Original PAS
— Filtered PAS

I
150

T I
Isotropic Integral
Isotropic Closed
Directive Integral
Directive Closed

0 0.5 1 1.5 2

| .
25 3 3.5 4

Normalised Spacing

Fig. 6. Correlation coefficient of two antenna elements impinged by a bimodal truncated Laplacian PAS (AoA = {—30°,15°}, AS = {10°,5°}, Ay =

180°).

the computation of the closed-form expression delivers the
correct value. The correctness of the computed values is further
confirmed when looking at Table I, which compares computed
correlation values to the ones presented in [2] for validation
purposes. They agree within a small margin of 4%.

Having a closer look at the curves in Figs. 4 and 5, well-
known trends can be observed, namely, that the correlation
decreases for increasing normalized spacing, for increased AS
and for decreasing AoA. It is also worthwhile to remark that for
a given spacing and a given AS, the directive antennas tend to be
slightly more correlated than the omnidirectional ones for small
AoAs (Fig. 4), but that the opposite statement is to be made

for large AoAs (Fig. 5). With small AoAs, the PAS filtered by
the directive radiation pattern seems sharper, hence the stronger
correlation, whereas the same filtering effect under large AoAs
attenuates the peak of the PAS with respect to its tails, as one
can infer from Fig. 3.

A better understanding of the impact of the directive radia-
tion pattern is built by considering the correlation coefficient
shown in Fig. 6 for a bimodal scenario. The correlation coef-
ficient increases due to the presence of the directive radiation
pattern. Its impact on the impinging PAS is a reduction of the
power of the outermost PAS, giving consequently more weight
to the highly peaked PAS closer to the pointing azimuth of
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REFERENCE AND COMPUTED CORRELAT?OAI\]?EEE;FICIENT VALUES FOR TEST CASES OF [2]
Spacing ’ AS ’ Ao0A Complex Real
(degree)| (degree) Reference Computed (p];rz(e); 0 Reference | Computed (pl:rrzgz o)

BA 5 20 0.4743 +; 0.8448 0.4640 + 7 0.8499 1.38 0.96884 | 0.96828 0.06

2 50 | -0.7367 +; 0.6725 -0.7390 + 0.6699 3.44 0.99749 | 0.99752 0.01
4r 5 20 | -0.2144 +;0.2408 -0.2203 +,0.2318 325 0.32242 | 0.31976 0.82

2 50 0.8025 +; 0.3158 0.7954 + 7 0.3350 3.48 0.8624 0.86309 0.08
10A 5 20 -0.0617 +70.034 | -0.061884 +70.032678 | 2.09 |0.070448 | 0.069982 0.66

2 50 -0.2762 -5 0.4190 | -0.26151 -5 0.42845 3.78 0.50184 | 0.50195 0.02

the pattern. Seen from the radiation pattern, the energy seems
therefore to be more concentrated, thus a higher correlation
coefficient.

VI. CONCLUSION

This document has presented the means to derive and com-
pute the closed-form expression for the correlation coefficient
of the signals received at two directive antennas exhibiting a
widely used radiation pattern. The obtained expressions were
validated against numerical integration. An upper bounded dis-
crepancy of 4% was observed.

APPENDIX

This appendix presents the 12 indefinite integrals necessary
to compute (14). They are grouped into three main categories,
depending on the expression of f(¢). They will be represented
with the generic notation F'G H, where

[ stands for the expression of f(¢): F' = Fg for f(¢) =
1, F = F¢ for f(¢) = cos(2m¢), and F' = Fg for f(¢) =
sin[(2m + 1)¢];

* ( stands for the radiation pattern: G = G for its constant
part and G = Gp for its parabolic part;

* H stands for the half mode of the PAS: H = Hy, for ¢ <
¢ and H = Hp for ¢ > ¢y,.

A. First Category—f(¢) =1

FoGoHy, = /exp l\m] Bde (22)
o
Ok V2(¢ — o)
_ﬁﬁ P [ok] 3
FoGoHg = /CXp l_\w] Bd¢ (24)
ok
o V2 (¢r — ¢)
= — ﬁﬁ exp [%1 . (25)

Gr(6) =107 (555) " — exp(—6?).

Therefore

FOGPHL = /exp

1 /[«
=—,/—ex
2V~
xerf(

[_ V2(¢ — ¢k)‘|

FoGpHR = /exp

1 /=«
=—,/—ex

2\ ~ P

xerf(

B. Second Category—f(¢) = cos(2me)
With the help of [17, Relation 14.519, p. 85], one can derive

l V2(bi — ¢>>]
Ok

/2707

/2703

V2050 — 1

Y2089+ 1

)

2vo?

)

Setting v = (aIn 10)/(10 ¢2 ;). the parabolic part writes

(26)

exp(—y¢?)de (27)

<1 - 2\/§vak¢3k>
b [ L2200k

2vo?

(28)

exp(—y¢?)d¢ (29)

<1 + 2\@70k<5k>

. (30)

FoGcHyL = /cos(2m¢>) exp [W] Bde (31)
((\7/—?) cos(2ma) + 2msin(2mo)
- (%E)Q + 4m?
X exp [ﬂ(i_ ¢k)1 (32)
k
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and

pde (33)

FoGcHp = /cos(2m¢) exp [_\W]

( ﬁ) cos(2me) + 2msin(2me)

_E

B
X exp [W (34)
k

Additionally, using [18, p. 303], the two indefinite integrals
that follow can be solved as

FeGot, = [eosomg)exp l—ﬂ(‘fj‘ﬂ exp(—16%)de

(35)
1 /=
=5 \/;8% {exp[X]erf[Y]}

(V2 + j2mog)? — 4v/2v010%
4vyo?
2v0,¢ — (V2 + j2moy,)

VAyoi

where X =

and Y =

(36)
and

FcGpHy = /cos(2mq5) exp [—W} exp(—y¢?)d¢

(37)
= ;\/j?ﬁ {exp[X]erf[Y]}
where X = (V2 F jQWEJZI; 4/2y03.0y,
ind v = 20k0+ (V2 + j2moy) )

V4yo?

C. Third Category—f(¢) = sin[(2m + 1)¢)

In a similar way to the approach adopted in the previous
section and with the help of [17, Relation 14.518, p. 85] and
[18, p. 303], the four indefinite integrals of this category are
given by

FsGcHy,

V2(é ~ ¢>1 se (9)

Ok

= /sin [(2m + 1)¢] exp [—

5 (‘/5) sin[(2m + 1)¢] — (2m + 1) cos [(2m + 1)¢)]

(@>2 + (2m +1)2

Ok

V26— m)] “0)

X exp l
Ok
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FsGcHy

pde (41)

= /sin [(2m + 1)¢] exp l—\/iwik_d)k)]

, (— ﬁ) sin [(2m + 1)¢] — (2m + 1) cos [(2m + 1)¢]

| (@)QJF (2m +1)2

Ok

X exp [W] “2)
FsGpHj,
_ / sin[(2m + 1)¢] exp [‘W] exp(—79%)dé
(43)
_ ;\/jg {exp(X)erf(Y)}
hore x¢ _ [V2Fim Z11)0162]2 — 420,04
YO
and v = 2170 [%m + Do) (44)
FsGpHg
- /sin [(2m + 1)6] exp l—\/%;k_@“)] exp(—y¢?)d¢
(45)
_ ;\/jcs {exp(X)erf(Y)}
e - M o
Y0},
ndy — 210K+ (V2 —j(2m +1)oy] . 46)

VAyoi
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