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ABSTRACT

In the case of Data-Aided (DA) Maximum-Likelihood
(ML) phase estimators operating in Direct Sequence-
Code Division Multiple Access (DS-CDMA) communi-
cation systems, it has been shown [1, 2] that a multiuser
(MU) design of the estimator helped to de�ne param-
eter estimators exhibiting a lower variance than those
designed in the conventional, single-user (SU) way. The
present paper applies the same MU design strategy in
the more realistic case of Decision-Directed (DD) esti-
mators. The performance of these DD structures are
derived from the DA variance expressions, assuming de-
cisions to be correct and limiting the mitigation of the
Multiple Access Interference (MAI) to its causal contri-
bution.

1 Introduction

The ever growing popularity of spread-spectrum tech-
niques in multiple access communication systems has
led to the demonstration of the performance limitations
of conventional receiver structures [3]. This has been
�rst illustrated at the detection stage. Parallel and
serial interference cancelers have been introduced to
mitigate the MAI inherent to the use of DS-CDMA
schemes [4, 5]. The same limitations also plague the
estimation stage. Like the symbols detectors, the
parameter estimators su�er from MAI. However, it has
been demonstrated in [2] for Feedback (FB) implemen-
tations and in [1] for Feedforward (FF) structures that
the incidence of MAI on conventional phase estimators
is due to a design omitting the presence of the other
active users. In circumstances where knowledge about
all the users active in the system can be gathered, for
instance during a training period on the uplink of a
mobile DS-CDMA communication system, a parameter
estimator which relies on the information related to
only one user, neglecting all the other ones, is clearly
not optimal. MU phase estimators exploiting the total
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information have thus been introduced. It has been
shown in the DA case that such a design strategy leads
to structures mitigating the incidence of MAI, which
exhibit a lower parameter variance than estimators
designed in a SU perspective.

How interesting the estimation structures mentioned
here above might be, considering only DA estimators,
which require training periods, is not realistic. It is
much more meaningful to build DD estimators accord-
ing to the same design philosophy. However, the per-
formance study of such structures is rather intricate.
Exact analytical results obtained in the case of SU com-
munication systems in Additive White Gaussian Noise
(AWGN) channels are presented in [6]. This paper
presents approximated analytical performance results
for MU DD ML FB and FF phase estimators work-
ing with Binary Phase Shift Keying (BPSK)-modulated
signals. These results are derived from previously pub-
lished performance study of DA structures.

2 System description

Consider the uplink of a coherent DS-CDMA communi-
cation system accommodating Nu users. The low-pass
equivalent received signal at the Base Station (BS), sum
of the contributions of the Nu active users, can be writ-
ten as

r(t) =
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represents the emitted energy per binary
symbol Imk , hk (t) is the complete impulse response for
user k, embedding both its spreading waveform and
its channel impulse response, T stands for the symbol
duration and n(t) is the low-pass equivalent of an
AWGN with two-sided power spectral density N0

2 .

At the receiving end, the bandpass signal is down-
converted to baseband using a local oscillator with
correct frequency but arbitrary phase. Hence, �k, the
parameter of interest in this work, appears in (1) as



the carrier phase di�erence between transmitter's and
receiver's oscillators.

r (t) is fed to channel-matched �lters whose outputs
are sampled at symbol rate. ypk stands for the normalised
matched �lter output
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where x
p�q
k;l represents the normalised channel correla-

tion coeÆcient between users k and l for a time shift
(p� q)T and �

p
k are zero-mean complex samples of the

noise �ltered by the matched �lter.

3 DD ML FB Phase Estimator

In [2], a MU phase recovery loop was introduced in a
DA context. This loop tracks the phase �u according to
an error signal umu;DA
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relying on a perfect knowledge of the transmitted data.
It di�ers from its SU counterpart in that it includes a
term mitigating the MAI plaguing the system through
the matched �lter outputs ymu (Second term of (4)).

In order to derive the performance of the loop,
and more precisely the variance of the parameter
estimate �̂u, umu;DA is split into its mean value and
the loop noise. Using the auto-correlation function
of the loop noise, one can derive its power spectral
density, �lter it through the loop �lter and �nally
compute the variance of the estimate. These steps
were followed in [2] and it was shown that the MU
DA estimator exhibits a lower variance than the SU one.

The MU DA phase recovery described by relation (4)
can be turned into a DD one by substituting decisions
Î for symbols I. Under some hypotheses, the results
presented in [2] in the case of DA ML FB estimators
can be extended to illustrate the performance of such
DD structures. First, the present extension assumes
decisions to be correct. It also requires that the
estimators are causal (n � 0). This restriction to causal

structures results from the DD mode. In DA mode, the
transmitted message is known from the very beginning.
The estimation stage can thus use the knowledge of
future symbols with respect to the running time instant.
On the contrary, the DD mode can only exploit the
knowledge of already detected symbols, since it uses
fedback decisions from the detection stage. As a result,
DD structures are to be causal.

Limiting the MAI mitigation term to its causal con-
tributions, the auto-correlation function of the DD loop
noise writes at equilibrium (estimation error � = � -
�̂ = 0):
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where Æk;u = �k��u. It has been stressed in [2] that the
advantage of MU estimators with respect to SU ones
lies in the mitigation of the MAI entering the system
(third term of (5)) by the last term of the relation.
This advantage is partly lost in DD estimators, as the
mitigation is limited to the causal part of the MAI
(p � 0). Hence, the DD estimator is plagued by the
anti-causal part of the MAI. As a result, one can expect
the variance of the DD estimator to be greater than or,
at best, equal to the one of the DA estimator.

Indeed, under some conditions (non-dispersive
channels for instance), the MAI incidence is mostly
concentrated in the x0u;v channel correlation coeÆcient.
Then, if this one is involved in the mitigation term for
DD estimators as it is for DA ones, both estimators
exhibit the same variance. On the other hand, the
strict limitation of the interference mitigation to p < 0
does not enable to cancel it. This leads to a less
eÆcient structure whose variance equals the SU one,
as shown in Figure 11 in the case of an Inter-Symbol
Interference (ISI)-free scenario: dispersive COST 207
Hilly Terrain (HT) channel [7] with small baud rate.
Beside the variance of the MU DA ML FB and SU
ML FB estimators2, the variances of two MU DD
estimators are plotted. The �rst DD estimator includes
the x0u;v term in its mitigation contribution (curve "DD

1In the �gures of this paper, CRLB stands for Cram�er-Rao
Lower Bound.

2The DA/DD distinction is irrelevant for SU structures as they
do not implement the mitigating term.



with"), but the second (curve "DD without") does not.
Obviously, the latter exhibits poor performance, close
to the SU one, whereas the former �ts almost the MU
DA curve.

Nevertheless, in dispersive environments, the MAI in-
cidence is spread over a span of coeÆcients xmu;v; jmj =
0; 1; : : : Those among them which contribute to the anti-
causal part of the interference, and are thus not miti-
gated by any of the two considered DD structures (with
and without mitigation of x0u;v), cause an increase of
the variance. This is illustrated in Figure 2, where the
variances of DA and DD estimators are compared in a
dispersive HT channel. The variance 
oor that limits
the performance of the DA estimator as a result of ISI
stands below the variance 
oor related to the DD es-
timator cancelling the incidence of the term weighted
by x0u;v (curve "DD with"). The di�erence between
them is due to the incomplete MAI mitigation. How-
ever, one can notice that, despite missing the MAI due
to the present symbol, the second MU DD estimator
(curve "DD without") performs slightly better than the
SU one, thanks to the mitigation of MAI due to past
symbols.

4 DD ML FF Phase Estimator

Considering now FF implementations, the general ex-
pression of the estimation error �u = �u � �̂u of a FF
structure was given in [1] as follows:

�u =
= �e�j�u Du

�
< (e�j�u Du)

(6)

At �rst sight, the FF phase estimator appears to be
the argument of a complex phasor e�j�u Du. Notice
however that some linearisation trick has been applied
to avoid the tan�1 non-linearity. In the DD case, Du

expands into:
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with a similar causal restriction (n � 0) than in the
previous section. With some other minor approxima-
tions, this limitation leads to the following expression of
the estimation error in the case of the MU DD ML FF
estimator:
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where the respective contribution of the useful term
(x0u;u), of the ISI and of the noise write
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One can notice that the MAI contribution is split into
its causal MAIcv;u
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and anti-causal MAIav;u parts
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Notice that no di�erence is made in relations (9-13)
between decisions and data due to the hypothesis of
correct decisions.

From the point of view of the variance, this split
of the MAI adds new terms to the variance expres-
sions presented in [1]. A simpli�ed version is ob-
tained by limiting the study to the most relevant one,
= �MAIav;uc

� < (Directv). Its incidence is a supplemen-
tary term whose numerator writes
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Its denominator is given by relation (20) in [1].

The term in (14) generates a variance increase inde-
pendent of the Es

N0

ratio, whose importance depends on
the relative weight of the unmitigated anti-causal part of
the MAI. This variance increase graphically translates
into a raise of the variance 
oor (See Figure 3, curve
"DD with"). The variance is even greater if the present
symbol is not taken into account (curve "DD without"),
as already explained in the DA case. However, in disper-
sive environments such as the one considered in Figure
3, a (slight) improvement with respect to the SU esti-
mator is still noticeable thanks to the mitigation of the
MAI due to past symbols.



5 Conclusions

The introduction of the causal restriction of DD ML
phase estimators in DA expressions presented in [1, 2]
has led to a reinterpretation of these relations in a DD
perspective. Under the hypothesis of correct decisions,
it has been shown that the variance of the MU DD es-
timator is greater than, or at best equal to the one of
the MU DA estimator, but lower than, or at worst equal
to the one of the SU estimator. The quality of the DD
estimator mainly depends on the way it deals with the
interference related to the present symbol.
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Figure 1: Variance of DD ML FB estimators in ISI-free
scenario
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Figure 2: Variance of DD ML FB estimators in presence
of ISI
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Figure 3: Variance of ML FF estimators in presence of
ISI


