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Abstract : In CDMA communication
systems, the received signal is the sum of
contributions from several active users. In-
stead of dealing with these users separately,
in a parallel way, this paper studies mul-
tiuser Maximum-Likelihood (ML) phase esti-
mation for a Decision-Directed (DD), QPSK-
modulated scenario. Multiuser phase esti-
mation is �rst de�ned by means of the ML
method. Then, in a 2-user case, open loop
analysis is performed and the S-surface is ob-
tained. Finally, the sensitivity of the multiuser
phase estimation in di�erent situations is in-
vestigated.

1 Introduction

Synchronization issues are the subject of nu-
merous contributions. Analog aspects are
summarized in [1] while digital implementa-
tion of synchronization devices is treated in
[2]. In [2], and in related works [3], multiuser
estimation is already introduced. But it is
then applied to estimate several parameters
(e.g. phase, timing) in a single version of the
signal transmitted by a single user.

With the emergence of multiple access tech-
niques such as CDMA [4], the interest of per-
forming simultaneously estimation and detec-
tion [5] at the same time over all users has
raised. In CDMA communication systems,
several users are active on the same fringe of
the spectrum at the same time. Thus, the re-
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ceived signal results from the sum of all the
contributions from the active users. A conven-
tional way to deal with this situation would be
to process the received signal through parallel
devices, each one of them being dedicated to
a speci�c user. In such a situation, the cou-
pling between users results in Multiple Access
Interference (MAI).

On the other hand, implementations of algo-
rithms aimed at realizing estimation and de-
tection over the whole received signal, have
already been proposed, based, for instance,
on MUSIC [6] or Expectation-Maximization
(EM) [7, 8]. These techniques are all rooted
in the Maximum-Likelihood (ML) method [9]
but develop suboptimal approaches to cir-
cumvent the computational complexity of the
practical implementation.

This paper studies multiuser Maximum-
Likelihood (ML) Decision-Directed (DD)
phase estimation. First of all, section 2 intro-
duces the communication system under study.
In the next section, the multiuser phase esti-
mation is derived for a tracking loop imple-
mentation. Open loop analysis of this estima-
tion process is performed in section 4, leading
to the drawing of S-surfaces. The in
uence of
several parameters on these surfaces is �nally
investigated.

2 System description

Consider the uplink of a symbol-synchronous
coherent CDMA communication system ac-
commodating Nu users. The low-pass equiva-



lent signal xk(t) emitted by user k writes:

xk(t) =
p
2Pk

1X
n=�1

Ink sk(t� nT ) (1)

where Pk is the emitted power of user k, Ink are
the QPSK-modulated symbols, with

p
2Ink =

�1 � j, T is the symbol duration and sk(t) is
the spreading waveform for user k

sk(t) =
Nc�1X
n=0

anku(t� nTc) (2)

where fankg is the pseudo-random spreading
code, Tc is the chip duration, Nc =

T

Tc
is the

number of chips per symbol and u(t) is a rect-
angular pulse of duration Tc.

Signals are transmitted through channels hav-
ing impulse responses ck(t). De�ning

hk(t) = sk(t)
 ck(t) (3)

the signal received at the Base Station (BS),
sum of the contributions of the Nu active
users, can be written as

r(t) =
NuX
k=1

p
2Pke

j�k
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Ink hk(t� nT ) + n(t)

(4)

where �k is the carrier phase di�erence and
n(t) is the additive white Gaussian noise
(AWGN) with one-sided power spectral den-
sity N0. In the following, channel responses
hk(t) will be supposed to be known.

The parameters f�kg to be estimated are re-
garded as deterministic but unknown. This
leads to Maximum-Likelihood (ML) estima-
tion [9].

3 DD ML phase estimation in

a multiuser context

3.1 ML estimation

ML estimators are theoretically derived from
the maximization of the likelihood function. A
necessary but not su�cient condition for this
maximum can be obtained by di�erentiating
�(r) with respect to the unknown parameters
f�kg and setting the result equal to zero [9].

3.2 Multiuser DDML phase estima-
tion

The multiuser estimation process takes into
account the fact that the received signal re-
sults from the contribution of several active
users. In the assumed multiuser DD context,
the logarithm of the likelihood function �L(r)
writes
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where ynk represents the normalized matched
�lter output and xn�mk;l the normalized channel
correlation coe�cients

ynk =
1p
2PkT

Z 1

�1
r(t)h?k(t� nT )dt (6)

xn�mk;l =
1

T

Z 1

�1
hk(t � nT )h?l (t�mT )dt(7)

The last two terms of the expression (5) may
be interpreted as interference. The former
represents the self-interference (ISI), while the
latter is associated with multiple access inter-
ference (MAI).

The derivative of (5) with respect to �u leads
to the implicit equation
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(8)
where index k points interfering contributions
with respect to user u. The left side of (8) can



be used as an error signal in a tracking loop
device like a Phase-Locked Loop (PLL) whose
equation would be

�̂(n+1)u = �̂nu +Kuu�u(n) (9)

3.3 2-user DD ML phase estimation

In the following, the multiuser context will be
restricted to a 2-user case. Moreover, single-
ray channels presenting a fading �i will be
used. In such a scenario, the error signal sam-
ple derived from ML estimation for user 1 in
the presence of interfering user 2 writes
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4 Open Loop Analysis

4.1 Analytical expression of the av-
erage ML error signal

De�ning

Ink = ank + jbnk (11)
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�i = �0i � �̂i (15)

the open loop analysis can be performed. The
mathematical average of (10) conditioned on
f�i; i = 1; 2g is written
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(16)

Due to the QPSK signal constellation symme-
try, the noise contribution in (16) disappears.
The average error signal in the multiuser con-
text contains three main contributions. The
two �rst contributions come from the expan-
sion of the matched �lter output. The last
one is a speci�c contribution introduced due
to the multiuser estimation studied. The de-
tailed expressions of the �rst order statistics
in (16) are presented in Appendix A.

The average error expression simpli�es if data

ows from the two users are regarded as statis-
tically independent. Then, only contributions
with n = m are left in (16). This also reduces
the speci�cation of the coupling between these
users xn�m12 to the only value x012.

4.2 Computation of the average ML
error signal

Expression (16) has been computed with Mat-
lab, considering di�erent values of its param-
eters (Eb

N0

, coupling factor x012, phase o�set
(�02��01) and channel fadings �i; i = 1; 2). Re-
sults are shown in the following �gures as a
function of �1 and/or �2.



In �gure 1, the S-surface, that is the error sig-
nal as a function of both �1 and �2 is drawn
with x012 = 0. Since there is no coupling
between the two users, the S-surface of the
multiuser estimation process reduces to the S-
curve of a single user process. One can notice
the �

2
periodicity with respect to �1 while the

error does not depend on �2. On the right
side of �gure 1, the projection of the S-surface
on the �1-plane is also presented, to obtain
the typical S-curve of single user QPSK recep-
tion [10],[11]. When coupling is introduced in
the system (�gures 2 and 3), a dependency of
the multiuser estimation to �2 appears which
exhibit the same �

2 periodicity. There is no
such dependency on single user estimation S-
surfaces, which keep on exhibitting the same
S-surface as in �gure 1.

In the present case, an interesting value to
monitor on these surfaces is the value of user
1 error detector slope at the stable tracking
point (�1 = 0), since this value usually helps
to design an equivalent linearized model of the
tracking loop.

The in
uence on the coupling factor x012 on
this slope is presented in �gure 4 for two val-
ues of Eb

N0

and considering (�02 � �01) = 0 and
�1 = �2. The greater the coupling is, the
better the multiuser estimation performs with
respect to single user estimation at �2 = 0
(�gure 4a). On the other hand, the perfor-
mance degradation is worse with growing cou-
pling factors when �2 is away from its stable
point (�gure 4b).

Figure 5 presents the value of the error detec-
tor slope at �1 = 0 as a function of �2 for
several values of Eb

N0

, (�02��01) and �1, keeping
x012 = 0:2 and �2 = 1. All curves come by pair.
Since it does not depend on �2, the curve of
the single user estimation process is horizon-
tal. This line is drawn at the value reached
by a single user estimation device. The other
curve in the same style represents the error
detector slope of a multiuser estimation pro-
cess in the same situation. Moreover, a small
cross (�) is placed on the horizontal line at
the value of the o�set (�02 � �01).

As shown in [10],[11] and on �gure 5, when Eb

N0

grows from 5 to 15 dB, the values of the slope
raise, moving closer to 1.

The in
uence of the o�set (�02 � �01) is more
subtle. While o�set does not seem to in
u-
ence the value of the error detector slope when
there is no fading of user 1, the e�ect of the
o�set appears when reducing the value of �1
with respect to �2, so to create a near-far ef-
fect. Then, one can notice (�gures 5d and 5f)
that the slopes obtained with the multiuser
estimation process are greater than the single
ones as long as the o�set (�02��01) is not higher
than 20o. Indeed, for o�set values lower than
or equal to 20o, the multiuser slope is above
the single user one, and present a bias towards
the o�set value. But for o�set values higher
than 20o, the multiuser slope is no longer the
steepest one.

5 Conclusion

This paper investigated multiuser Maximum-
Likelihood Decision-Directed phase estima-
tion. After deriving the analytical expression
of the error signal driving a tracking loop in
a 2-user case, the open loop analysis of this
tracking device was performed and lead to the
drawing of S-surfaces. These surfaces result-
ing from single user and multiuser estimation
processes were compared and the in
uence of
several parameters on the value of the error
detector slope was studied.

A First Order Statistics

The purpose of this appendix is to present
the expressions of the First Order Statistics in
a multiuser QPSK Decision-Directed context.
This presentation will be limited to Data �
Data �rst order statistics, since these are the
only statistics used in this paper. De�ning the

�ltered noise contributions as
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the analytical expressions of the statistics are
written as below. The statistical indepen-
dence between the data 
ows of the users drive
most of these statistics to zero, mainly these
for which temporal indexes n and m di�er
(n � m 6= 0). As a result, only terms with
n = m are non zero.
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where k0 is the rest of the division of k by 4,
dke represents the least integral value strictly
greater than k and bkc stands for the greatest
integer value lower than or equal to k.
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Figure 1: Multiuser ML estimation S-surface,
no coupling (x012 = 0)
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Figure 2: Multiuser ML estimation S-surface,
x012 = 0:2, (�02 � �01) = 10o and �1 = �2
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Figure 3: Multiuser ML estimation S-surface,
x012 = 0:2, (�02 � �01) = 10o and �1 = 0:5 �2
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Figure 4: Error Detector Slopes as a function
of �2, with coupling x012 used as a param-
eter taking values 0.1 (continuous line with
crosses), 0.2 (continuous line with circles) and
0.4 (continuous line with +)
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Figure 5: �1 Error Detector Slopes as a function of �2, with o�set (�
0
2��01) used as a parameter

taking values 0o (dashed line), 10o (dashed-dotted line), 20o (continuous line), 30o (continuous
line with +) and 40o (continuous line with circles)


